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Abstract: 
The Computerized Ionospheric Tomography (CIT) is a method for imaging the Earth’s ionosphere using sounding 
technique and computing the Slant Total Electron Content (STEC) values from data of the Global Positioning System 
(GPS). The most common approach for ionospheric tomography is the voxel-based model, in which: (i) the ionosphere 
is divided into voxels, (ii) the STEC is then measured along (many) satellite signal paths, and finally (iii) an inversion 
procedure is applied to reconstruct the electron density distribution of the ionosphere. In this study, a computationally 
efficient approach is introduced, which improves the inversion procedure of step (iii). Our proposed method combines 
the Empirical Orthogonal Function (EOF) and the spherical Slepian base functions to describe the vertical and 
horizontal distribution of electron density, respectively. Thus, it can be applied on regional and global case studies. 
Numerical application is demonstrated using the ground-based GPS data over South America. Our results are validated 
against ionospheric tomography obtained from the COSMIC (Constellation Observing System for Meteorology, 
Ionosphere, and Climate) observations and the Global Ionosphere Map (GIM) estimated by international centers , as 
well as by comparison with STEC derived from independent GPS stations. Using the proposed approach, we find that 
while using 30 GPS measurements in South America, one can achieve comparable accuracy with those from COSMIC 
data within the reported accuracy ( 111 10  el/cm3) of the product. Comparisons with real observations of 2 GPS 
stations indicate an absolute difference is less than 2 TECU. 
Keywords: Computerized Ionospheric Tomography, Slant Total Electron Content (STEC), Slepian base function, 
Empirical Orthogonal Function (EOF) 
1. Introduction 
The Earth’s ionosphere, which is a layer of the ionised gas in the atmosphere (between ~60-2000 km altitude) 
surrounding the Earth, plays a critical role in satellite communications, as well as space sciences. Generally speaking, 
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when radio waves pass through the ionosphere, both their group phase and velocity are disturbed by free electrons in 
the ionosphere. The resulting effect in the first approximation is proportional to the Slant Total Electron Content 
(STEC) along the signal path and is inversely proportional to the frequency (of the group) squared (Hofmann-
Wellenhof et al. 2008). 
It is well known that the influence of ionosphere on communications systems can be quantified, provided that the 
distribution of the electron density within the ionosphere is known (Davies 1990). Several methods and instruments 
are therefore currently being applied to determine the distribution of ionospheric electron density namely techniques 
that utilize satellites, ionosondes, and incoherent scatter radar data (Zolesi and Cander 2014). 
Ionospheric models are divided into three main categories of (i) physical, (ii) empirical, and (iii) mathematical models 
(see an overview in Figure 1). Physical models try to simulate ionospheric changes based on physical laws or 
assumptions concerning the processes that cause spatial-temporal variations in the ionosphere, examples include the 
Global Assimilative Ionospheric Model (GAIM, Schunk et al. 2004). Empirical models, namely the International 
Reference Ionosphere (IRI, Bilitza et al. 2011) and the NeQuick (Radicella et al. 2009), make use of relationships 
between solar radiations and the spatial-temporal changes of ions and electrons in ionosphere. Finally, mathematical 
models that are focused in this paper, are produced by processing of observations derived from, e.g., navigational 
satellites, and estimating electron distribution within ionosphere by solving an inversion. 
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Figure 1: C
lassifications of the ionospheric m
odels. For the physical and E
m
pirical m
odels, few
 exam
ples are introduced. The general 
structure of m
athem
atical m
odels can be divided into single- and m
ulti-layer structures, w
hereas each can be form
ulated using m
athem
atical 
representation as can be seen in the boxes located at the bottom
 of this figure.
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State-of-the-art of ionospheric modeling can be treated under either short-time static or dynamic assumption. Both 
techniques are based on some hypotheses, which bring computational benefits and might also result in limitations. In 
the short-time static way, one will be able to gather enough observations to perform the inversion but with a central 
assumption that the state of ionosphere does not change during this time, which is not physically justified. For the 
dynamic approach (used for near real-time applications), one must rely on a model to introduce dynamics of 
ionosphere (see e.g. Erdoga et al. 2017). Selecting an appropriate model to introduce the dynamic of ionosphere and 
its impact on the final results has not been evaluated yet. In this paper, we explicitly focus on the short-time static (or 
off-line mapping) and try to show how changing base-functions can help improving the inversion and estimation of 
the ionospheric parameters (Schaer 1999; Schmidt 2007; Schmidt et al.2007; Zeilhofer 2008; Alizadeh et al. 2011).
Concentrating only on the mathematical models, there are several ways to convert observations into the ionospheric 
parameters. In general, appropriate strategies to implement such conversions depend on the parameterization and 
dimension of the desired model, as well as its area of coverage. These all together leads to a selection of appropriate 
base functions that are used to estimate the unknown parameters of the conversion, and finally represent the model. 
Table 1 summarizes a number of previous studies that apply the ‘mathematical method’ for ionospheric modeling and 
the base functions used in them. In the following, details of these selections are described. 
STEC provides a valuable source of information about the vertical summation of electrons along the line-of-sight 
(path between satellite and the in-situ station). Therefore, a tomographic technique is required to detail the distribution 
of electron density within the ionosphere as a function of space and time. These methods can fall into two categories 
of iterative and non-iterative techniques. The former was the first choice to solve the ionospheric tomography problem 
due to its simplicity and low memory requirement following the Algebraic Reconstruction Technique (ART, e.g., 
Austen et al. 1986). To improve the numerical aspects, ART have found numerous derivatives such as MART 
(multiplicative algebraic reconstruction technique, Raymund et al. 1993), as well as SIRT (simultaneous iterative 
reconstruction technique, Afraimovich et al. 1992 and Pryse and Kersley 1992). Yet, dependency on initial values and 
sensitivity to the level of noise are the main concerns and limitations of the above techniques. 
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Table 1: Summary of previous studies that apply mathematical approaches for modeling ionosphere. Base 
functions that are used to represent corresponding models are also listed. 
Modeling 
Dimension Parameter Coverage Base Function Literature
2D ( , )VTEC
Global Spherical Harmonics (SH) (Schaer 1999)
Regional 2D quadratic B-splines (Schmidt et al.  2008)
Slepian base Function (Sharifi and Farzaneh 2014)
3D
( , , )VTEC t
Global
2D SH + Fourier function for time (Alizadeh 2013)
trigonometric/ exponential
B-splines (Alizadeh 2013)
Regional
3D quadratic B-splines (Nohutcu et al. 2010)
2D Slepian base function+B-spline 
function for time (Sharifi and Farzaneh 2014)
( , , )N h
Voxels (classical tomography) (Garcia-Fernandez et al. 2005)
Global
2D SH + function 
for height
Empirical 
Orthogonal 
Function (EOF) 
for height
(Liu 2004)
Chapman 
profile (Alizadeh 2013)
Regional
3D B-splines (Zeilhofer 2008)
2D Spherical Cap Harmonic 
(SCH)+Empirical Orthogonal 
Function (EOF)
(AL-Fanek, 2013)
4D ( , , , )N h t
Global 2D SH + function for height 
+function for time (Alizadeh 2013)
Regional
4D B-splines (Schmidt et al.  2011)
Chapman Function+Slepian base
function (Sharifi and Farzaneh 2014)
By growing the numerical power, non-iterative approaches were formulated for tomographic (3D) modeling of the 
ionosphere based on stochastic inversion techniques, while using either the voxel-based or function-based approach. 
In the former category, complex physical interplay between solar radio flux and the Earth’s magnetic field is 
introduced to the inversion using statistical modes of empirical ionospheric models such as the Parameterized 
Ionospheric Model (PIM) and International Reference Ionosphere (IRI), see for example, Fremouw et al. (1992) and 
the adopted approach with some modifications in Erturk et al. (2009), Liu and Gao (2004), Mitchell and Spencer 
(2003), Schmidt (2007), and many others. By employing the function-based approach, the electron distribution in the 
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ionosphere is described by two functions corresponding to the horizontal and vertical changes. 
Spherical harmonics (SH) base functions are usually used in previous studies to represent horizontal electron density 
distribution as long as the modeled area covers the whole sphere and the data is distributed regularly (Chambodut et 
al. 2005; Mautz et al. 2005; Liu et al. 2006; Schmidt et al. 2007). Vertical changes are accounted for by applying the 
empirical orthogonal function (EOF) method (see the description of decomposing techniques in Forootan, 2014).  
Considering the sampling of STEC observations, application of the SH technique can be limited by the data gaps and 
inhomogeneous distribution of observations all over the globe. In another words, the SH approach form a well-
understood and convenient apparatus to represent and analyze observations globally, but its application is limited to 
identify the spatial and spectral structure of local anomalies (Beggan et al. 2013; Simons 2010).  
In order to mitigate the limitations of SHA, AL-Fanek (2013) applies spherical cap harmonics (SCH) to describe the 
horizontal distribution of ionospheric electron density, where the vertical component is described based on the EOF 
technique. Their investigations are performed over the Canadian polar cap, where the spherical cap technique provides 
a great opportunity by reducing the lack of orthogonality of the global spherical harmonics over local regions. The 
method, however, requires a symmetric boundary definition when performing the fitting procedure.  
In this study, we propose the use of the Slepian base functions to model horizontal ionospheric changes in regions 
with irregular boundary shapes. This characteristic is important to assess the spectral characteristics of horizontal 
ionospheric changes in regions with distinct geographical property with less (spectral) contribution from the 
neighboring regions. In another words, the application of the Slepian base functions reduces the spatial leakage that 
limits the accuracy of regional ionospheric tomography models. 
Application of the Slepian base functions to account for horizontal variability of VTEC was first proposed by Sharifi 
and Farzaneh (2014). This selection is motivated by the fact that less number of unknown parameters required to 
model the horizontal changes of ionosphere, compared to the spherical harmonics and the spherical cap base functions.
As a result, the computational load is reduced and the localized signal is more efficiently retrieved thanks to the 
regional representation of the Slepian base functions. In another attempt, Etemadfard and Hossainali (2015) applied 
these base functions to improve the accuracy of the IGS global ionosphere models (GIMs) in the polar regions. 
Particularly, they compare measures of the spatial resolution derived from the modified model (solved by Slepian base 
function) and original GIMs, as well as their biases. Their results indicate that the Slepian base functions are regionally
optimized and well suited to model the ionosphere. Once the suitability of these base functions established, the method 
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is applied by e.g., Etemadfard and Hossainali (2016) for VTEC modeling in the Arctic region. We should mention 
here that the proposed Slepian base functions of this study are not only efficient to solve regional ionospheric 
tomography problems, but also, they are also likely beneficial in global case studies. In fact, in a global case, one can 
show that Slepian base functions are linearly related to a combination of spherical harmonics. However, in contrast to 
the spherical harmonics, the Slepian base functions can be concentrated over regions with large signal magnitudes, 
while preserving their orthogonality over the entire sphere, and maximize their recovery within as inversion 
(Wieczorek and Simons, 2005; Simons et al., 2006). An appropriate selection of the location of Slepian base functions, 
for example along the boundary of the study region, also improves the localization of inverted solutions, and 
consequently, reduces the spatial leakage errors. This benefit is illustrated in various case studies, for example, in a 
seismic modelling application (Wang, 2012) or a similar application on applying radial base function for global gravity 
field modelling as in Yang et al. (2017). Application of the Slepian base functions for a global ionospheric tomography 
application will be addressed in future.  
It is worth reminding that in the most of previous studies, researches focus on an off-line signal processing to generate 
STEC tomography with the main assumption that the state of ionosphere does not change dramatically over a certain 
time-period, for example, 2 hours in the IGS products (Schaer et al., 1998). This assumption often provides a reliable 
opportunity to gather enough GNSS observations to perform inversion, thus, this view has also been followed in this 
study Simlar to Sharif and Farzaneh (2014), the EOF technique is applied to describe the vertical distribution of 
ionospheric electron density. Recently, Erdogan et al. (2017) suggest a near real-time formulation to model global 
VTEC, where they use B-Splines to model horizontal changes in ionosphere and a Kalman filtering approach to 
account for ionosphere's temporal variations. An extension of the suggested inversion formulation to be used for near 
real-time applications will be addressed in future.
In this study, we use GPS-derived STEC measurements are used that cover the southern part of America during 17 
March 2013 (with maximum solar activity) and 21 December 2013 (with moderate solar activity). The developed 
function-based tomographic modeling system has been compared with results from the Constellation Observing 
System for the Meteorology, Ionosphere and Climate (COSMIC) observations and the Global Ionosphere Maps 
(GIM), as well as by comparison with STEC derived from independent GPS stations.
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2. Method 
2.1. STEC determination 
In this work, STEC are estimated from the differential code delay and carrier phase measurements on both the L1 and 
L2. For this purpose, the carrier-to-code leveling process method (Ciraolo et al. 2007; Nohutcu et al. 2010) is utilized. 
The necessary equations can be extracted from Sharifi and Farzaneh (2014).  
2.2. Spherical Slepian base functions 
Slepian base functions (Slepian 1983) are band-limited harmonics with the maximum degreeL , and at the same time 
are spatially concentrated inside a target region. Therefore, they can be defined as a particular linear combination of 
the spherical harmonics. However, unlike the spherical harmonics that are globally defined, they can be arranged 
according to their energy concentration inside the target region (Simons et al. 2006). Therefore, a signal of interest g
in the location r  can be mathematically defined as 
0
( ) ( )
L m
lm lm
l l m
g r g Y r ,                                                                                                                                             (1) 
where (r)
lm
Y is a real spherical harmonic of degree l and order m , whiler is the location of a point on the surface of 
the unit sphere and 
lm
g  has been defined as: 
( ) ( )d .
lm lm
g g r Y r                                                                                                                                                (2) 
To maximize the spatial concentration of the band-limited function ( )g r  within the regionR , the ratio of the norms 
should be maximized as: 
2
2
( )
max ,
( )
R
G
g d
g d
                                                                                                                                                (3) 
where 0 1  is a measure of the spatial concentration. The maximization of this concentration criterion can be 
achieved in the spectral domain by solving the algebraic eigenvalue problem [Simons et al. 2006]:  
,Dg g                                                                                                                                                                      (4) 
where the elements of 2 2( 1) ( 1)L L localizing kernelD : 
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Which are obtained by:          
' ' ' ',
( ) ( )d ,
lmlm l m l mR
D Y Y                                                                                                                                   (6) 
and g  is the 2( 1)L dimensional vector that represents the Slepian eigenfunction expressed by spherical harmonics, 
i.e. 
00
( ... ... ) .T
lm LL
g g g g                                                                                                                                                    (7) 
This ‘localization’ matrix is symmetric and the subspace of maximum energy is obtained by solving an eigenvalue 
decomposition (Simons 2010). When the signal ( )g r is local, it can be approximated using the Slepian expansion 
truncated at the Shannon number N (Percival and Walden 1993): 
2( 1)
2
1
( 1) ,
4
L
n
n
A
N L                                                                                                                                        (8) 
where A is the area of region as a solid angle relative to the full sphere. The data can be approximated with very good 
reconstruction properties within the region by: 
1
ˆ ˆ( ) ( ),
N
n n
n
d r d g r                                                                                                                                                       (9) 
where ˆ( )
n
g r  and 
n
d  are the spherical Slepian base function and unknown coefficients, respectively (Simon 2010). 
2.3. Modeling the Ionosphere 
The ionospheric delay in the GPS signals observed by the ground stations can be converted into STEC, which is the 
total number of electrons in a column of unit cross-section between the satellite and the receiver on the ground. The 
mathematical representation of the definition is: 
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( , , , ) ,
S
e
R
STEC N r t ds                                                                                                                                       (10)
where 
e
N  is the electron density at time t , ds is the geometric range along the signal path between the satellite and 
the receiver, ,  are longitude and latitude, and STEC is the slant total electron content, respectively (Liu and Gao 
2003). A common way of discretizing Eq. (10) is to divide the ionosphere into a grid of three-dimensional volume 
pixels, also known as voxels, which are set up in a way that each voxel is bounded in pre-defined latitude, longitude 
and altitude with the electron density assumed to be homogeneous within each voxel. By this assumption, Eq. (10) 
can be expressed as follows (AL-Fanek 2013): 
, , , , , ,
1 1 1
,
h
i j k
NN N
e i j k i j k
i j k
STEC N h                                                                                                                       (11) 
with 
, ,
1
,
0i j k
ray in voxel
other wise
                                                                                                                                       (12) 
where 
, ,i j k
h  is the ray path length in the voxel i, j, k and N , N  and 
h
N  are the number of voxels in the longitude, 
latitude and height direction, respectively. In Eq. (11), 
, ,i j ke
N  represents the electron density in the voxel i, j, k. 
Therefore, Eq. (11) can be expressed as: 
. ,
e
STEC AN                                                                                                                                                         (13) 
where A  is the design matrix, 
e
N  is the vector of the electron density to be estimated. Entries of the design matrix 
are the path length of the satellite-to-receiver signal propagating through each voxel. 
Since observations are usually not well distributed, matrix A in Eq. (13) is singular and therefore 
e
N  cannot be 
estimated from Eq. (13). Besides, the inversion in Eq. (13) is high dimensional, because in a traditional voxel-based 
formulation of the tomography problem, density coefficients of the 3-D voxels that cover the area and sorted between 
the Earth's surface and satellite orbits, must be estimate. To mitigate this problem, we re-write Eq. (13) based on 
orthonormal basis functions, where the unknowns are only the coefficients of the three-dimensional orthonormal basis 
functions. Therefore, here, the multi-layer three-dimensional modeling of the electron density is derived as: 
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,
1 1
( , , ) ( , ) ( , , ),
K N
e n k n k
k n
N h d g Z h                                                                                                              (14) 
where ( , )
n
g  is the spherical Slepian base function, 
n
d represent unknown coefficients, ( , , )
k
Z h  stands for 
empirical orthogonal functions, K is the number of EOFs in the modeling process, and N is the Shannon number 
representing the maximum degree of the Slepian base functions. The EOFs in Eq. (14) are known and estimated from 
the International Reference Ionosphere (IRI) model (AL-Fanek 2013). As a result, Eq. (14) can be expressed in the 
matrix form as: 
. ,
e
N B x                                                                                                                                                                (15) 
where B contains the base functions generated using the EOFs and Slepian base functions expansion, and x is a 
( ) 1N K vector that contains the tomography model coefficients to be estimated. It is noteworthy that, in this study, 
we only use the GPS observations, which change through the time. Our central assumption is that within 2 hours time, 
ionosphere is static and coefficients that correspond to the mentioned base functions will be estimated.  In other words, 
in our formulation, the base functions remains time-invariant, but the observation vector is updated every 2 hours.
A proper value for the Shannon number (N) in Eq. (14) depends on the distribution of input data. For example, Schmidt 
et al. (2011, 2015) provide a detailed comparisons between spherical harmonics, B-Spline, and wavelet techniques. In 
this study, first Slepian eigenfunctions and their eigenvalues for the region of interest are estimated. Consequently, 
the dominant eigenfunctions that correspond to the normalized singular values of λ ≥ 0.5 are considered well 
distinguished from the rest. The number of dominant base-functions can be related to N in Eq. (14) using the approach 
presented in Simons (2010), from which N = 21 is found to be most of the time an optimum value and a trade-off 
between the resolution level and the computational load (see similar arguments in Erdogan et al., 2017). The number 
of EOFs (K) in Eq. (14) can be chosen by applying statistical tests as demonstrated by Forootan (2014, chapter 3). 
Here we followed the dominant variance portion approach to choose K, where often K=3 is found to represent 99% 
of variance in the vertical direction.
Substituting Eq. (15) in Eq. (13), the ionospheric tomography problem can be expressed as follows: 
. ,STEC G x                                                                                                                                                             (16) 
where  
A. .G B                                                                                                                                                                   (17) 
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The unknown tomography model coefficients in Eq. (16) can be obtained using the least-squares method. The design 
matrix G in Eq. (16) is ill-conditioned. In order to achieve reasonable estimates, the generalized Tikhonov 
regularization (Tikhonov 1963) has been applied for which, the L-curve method has been used to determine the 
optimum regularization parameter. Nevertheless, an application of a regularization likely yields biased solutions that 
are smoother than those derived from an 'ordinary' least squares (if the latter was possible to be computed). In this 
study, we follow the methodology in Shen et al. (2012), to minimize the regularization bias. Figure 2 shows a 
schematic diagram of the proposed method for estimating ionospheric tomography using Slepian base functions. 
 In Section 3, we further compare the resulting maps with independent data, which justifies the accuracy of the 
implemented inversion in Eq. (16). 
Figure 2: Flowchart of the ionospheric tomography inversion using in-situ GNSS data and Slepian base 
functions 
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3. Results and discussion 
The computerized ionospheric tomography in this study is based on the ground-based GPS observations collected 
across South American. The 24h observations of 30 stations belong to International GNSS Service (IGS) and Brazilian 
Network for continuous GPS Monitoring (RBMC) networks are obtained from www.ibge.gov.br with the sampling 
rate of every 30 s. The geographical region used in this work extends from 20  S to 40  S in latitude, 280 E to 320
E in longitude and 80 km to 1200 km in altitude and the spatial resolution along the longitude, latitude and altitude is 
considered1 2 10km . The resolution is chosen according to the number and quality of observations and it is also 
selected in a way to be better than those of the International GNSS Service (IGS) maps (Schaer et al., 1998). Thus, 
the total numbers of voxels in the region is 49392. Classically, to estimate STEC, one needs to compute one parameter 
per voxel, which makes the least squares system extremely unstable. However, by reformulating the inversion using 
Slepian base functions and EOFs, reflected in Eq. (14), the number of unknowns is reduced to 63. The number of 
observations is based on time period and the number of GPS satellites. Here similar to the IGS strategy (Schaer et al., 
1998), the inversion is estimated to generate 2-hourly maps. Spatial distribution of the stations and ionospheric 
observables are illustrated in Figure 3.
Figure 3: Left: distribution of the 30 GPS reference stations, Right: distribution of ionospheric observable 
(blue dots) and voxel boundaries (red) 
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In order to solve STEC from observations, the receiver Inter-Frequency Biases (IFBs) are calculated using the Bernese 
GPS software v 5.0, and the IFB values for the satellite are obtained from the Center of the Orbit Determination in 
Europe (CODE). The STEC values for each observation are computed as described in Sharifi and Farzane (2014). The 
precise orbit files, provided by several IGS agencies, are interpolated, using the Lagrange method, to determine the 
satellite positions. These STEC measurements contain the ionospheric electron density information above the GPS 
network, therefore they are used as the input data for our ionospheric electron density modeling.  
To develop the tomographic model of South America, the ionosphere is assumed to be constant within two hour and 
the EOF analysis is perform within that hour. Figure 4 illustrates the first three EOFs, which represent 99 percent of 
variance of electron density in the vertical from 00:00 UT to 01:00 UT, December 21, 2013. Similar results are derived 
for March 17, 2013. They are not however shown here. 
Figure 4: First three EOFs derived from IRI-2012 model 
The EOFs along with Slepian base functions are used to depict the ionosphere field in a 3D model using Eq. (16). It 
is well known that the parameters of the Earth's ionosphere are strongly controlled by solar and magnetic activity, 
which can be indicated by e.g., the Kp-index (Liu et al. 2006). Therefore, to demonstrate the performance of the 
proposed technique, our model is validated under different quiet and active ionospheric conditions. Figure 5 shows 
the geomagnetic conditions for 17 March 2013 (with maximum solar activity) and 21 December 2013 (with moderate 
solar activity).
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Figure 5: The estimated planetary K index for (left): Year 2013 Day Number 355, (right): Year 2013 Day 
Number76 (http://www.spaceweatherlive.com). 
The assessment of the accuracy was made in several ways. First, the CIT-estimated vertical TEC maps for 17 March 
and 21 December 2013 are presented in Figures 6 and 7 for the mid-point of the modeling period. The vertical TEC 
maps are obtained by integrating through the CIT-estimated electron density profiles as follows: 
16
1
( , ) 10 ( , , ),
number of vertical layers
i i e i i j
j
TEC height N h                                                                               (18) 
where the units of the electron density (
e
N ), and the voxel size in height ( height ) are 3/el m  and m respectively. 
As expected, the results follow the variation trend in the IRI-2012 model. The ionosphere maximum, which appears 
around local noon as travelling along with the Sun, is clearly visible in the VTEC maps. The results on 17 March 2013 
indicate a minimum VTEC of ~19 around 8h AM and ~ 30 around 5h PM (see Figure 6). An average value of VTEC 
during March of a year with normal magnetic activity is ~15-20. The bigger values estimated here clearly indicate the 
impact of higher magnetic activity during this day. On 21 December 2013, a minimum VTEC of ~15 around 8h AM 
and ~50 around 16h PM are found (see Figure 7), which is in a normal range during this time of year. We repeat this 
experiment using the traditional voxel-based inversion technique using 2 2 45km voxels (, which its 
corresponding inversion system in more stable than the high resolution 1 1 10km voxels). Our results (not shown 
here) indicate that the proposed formulation of this paper increases the chance of producing TEC closer to the actual 
VTEC value from GPS observations by 37%.
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Figure 6: a:) Estimated vertical TEC maps for 17 March 2013, b:) reference diurnal IRI-TEC variation 
17 
Figure 7: a:) Estimated vertical TEC maps for 21 December 2013, b:) reference diurnal IRI-TEC variation 
As our second assessment, the CIT derived electron density profile is compared to the one derived using the radio 
occultation measurements. The FORMOSAT-3/COSMIC (F/C) constellation of 6 satellites was launched on 15 April, 
2006. Their initial orbit was at an altitude of 500 km, but they were gradually raised to an altitude of 800 km. There 
is 30  separation between the satellites with an orbital period of 100 min (Feng 2010; Liou et al. 2007). More than 
3 million ionospheric profiles have been provided by the COSMIC working group (http://cosmic-io.cosmic.ucar.edu/). 
In this study, the second level data “ionprf files” are used that contain information about ionospheric electron densities. 
The data are provided by CDACC (http://www.cosmic.ucar.edu) with a reported accuracy of 
111 10  el/cm3
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(COSMIC Program Office Website, 2013). This accuracy has been used as a reference of the accuracy measure of the 
radio occultation retrieved electron density profiles.  
Before evaluating the proposed method with RO data, it is necessary to perform some quality control tests on the 
individual ionospheric electron density profiles. For this purpose, a two-layer Chapman function described in Lei et 
al. (2007) is fitted to each profile using the least-squares method. This yields the best match with RO electron density 
profiles at F2 region. Furthermore, in order to quantitatively assess the effect of ionospheric plasma irregularities on 
the height variation of the electron density, we estimate mean deviation of the electron density profiles following Yang 
et al. (2009). 
Figure 8 illustrates the two COSMIC samples related to an unsuitable (left) and a suitable (right) electron density 
profile. The accepted electron density profiles (passed the quality control tests) are used to validate our reconstructed 
results derived from the proposed ionospheric tomographic technique. 
Figure 8: Left: the failed electron density profile; Right: the accepted electron density profile observed by 
FORMOSAT-3/COSMIC and used in our quality control tests. 
Figure 9 shows footprints of all F/C occultation measurements through the whole days 17 March and 21 December 
2013. 
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Figure 9: Left: Footprints of F/C occultation measurements for 21 December 2013, Right: Footprints of F/C 
occultation measurements for 17 March 2013. 
Figures 10 and 11 show the difference between the two derived profiles. The red line represents the accuracy range (
111 10  el/cm3) of the radio occultation derived electron density profile, as mentioned before. The CIT-derived 
electron density is defined at the center of each voxel. To better compare and validate the results, the CIT-derived 
profiles are interpolated and the electron density profiles are computed at the geographical coordinates of the radio 
occultation perigee points. Errors of a full day of radio occultation events are estimated and summarized in Table (2). 
The root mean square (rms) error determines how much the calculated data deviates from the observed data, in other 
words, how well the derived or calculated data fit the measured data. The results indicate that overall pattern of our 
model predictions is very close to measurements (RMSE of 11 30.6 10 /el m ) although imperfect fitting points can 
be found, e.g., at around of F2 layer. This behavior could be explained by the fact that during maximum solar activity 
the ionosphere is very variable to such an extent that the variation of the electron density with time might be nonlinear 
over the period of inversion. As a result, any short-time static inversion methodology, including the one proposed 
here, fails to reflect the temporal non-linearity of ionosphere. This might be improved by a dynamic formulation of 
the proposed inversion, which will be discussed in future.  
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Figure 10: Electron density profiles differences between Radio occultation (RO) and tomography electron 
density profiles for 21 December 2013 a:) 16.57 (UTC) b:) 08.49 (UTC)  c:) 10.32 (UTC) 
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Figure 11: Electron density profiles differences between Radio occultation (RO) and tomography electron 
density profiles for 17 March 2013 a:) 16.52 (UTC)  b:) 16.55 (UTC)  c:) 13.26 (UTC) 
Table 2: Summary of the statistics of the difference between the electron density profiles derived 
by radio occultation vs. CIT 
Date RMSE
(1011 el/m3)
21 December 2013 0.43
17 March 2013 0.58
As a third evaluation, we compare the results of our proposed method with the VTEC estimates derived from the 
CODE, ESA and IGS centers (Schaer 1999). Figure 12 shows the results for the test point arbitrary located at latitude
30  and longitude 300  for 17 March and 21 December 2013 and Table (3) describes the estimated error 
statistics. The overall patterns of the VTEC are found to be similar. Range of VTEC from these global models are 
found to be different than the values generated by our regional inversion (computed using Eq. (18)). This difference 
could be related to the global nature of these models and the fact that they try to represent VTEC globally rather than 
being sensitive to local fluctuations. Should these results be taken into account, it can be concluded that the proposed 
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algorithm has the high capability in the local modeling of VTEC, with profiles following expected diurnal TEC 
variations with low nighttime TEC values and midday peaks and displaying no negative TEC values.
Figure 12: The comparison of the predicted TEC with the estimated value by CODE, ESA and IGS for a) 17 
March 2013 and b) 21 December 2013. 
Table 3: Summary of the statistics of the difference between the estimated TEC with the 
estimated value by CODE, ESA and IGS  
21 December 2013
Date STD
(TECU)
Mean
(TECU)
predicted TEC- the estimated 
value by CODE
2.8803 -6.7842
predicted TEC- the estimated 
value by ESA
2.8138 -3.6092
predicted TEC- the estimated 
value by IGS
2.3839 -6.1175
17 March 2013
predicted TEC- the estimated 
value by CODE
4.1374 -4.8592
predicted TEC- the estimated 
value by ESA
5.5458 -5.5758
predicted TEC- the estimated 
value by IGS
2.9425 -3.9592
To further validate the proposed model, it is necessary to verify the reliability of the CIT model using real observations. 
In this experiment, observations of 2 GPS stations belong to the Brazilian Network for Continuous Monitoring of the 
GNSS Systems (RBMC http://www.ibge.gov.br/english/geociencias/geodesia/rbmc/rbmc.shtm) are used for 
validation. These stations are not involved in the inversion of this study thus can be used as an external assessment to 
calculate the STEC on signal propagation paths. The mean and RMS of the errors for two selected stations during the 
two selected days in March and December are listed in Tables (4). The reconstruction results are found to be close to 
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those from these 2 stations, where the absolute difference is found to be less than 2 TEC unite (TECU). Bigger errors
are found during high geomagnetic activity in March, compare the results in Table 4. We estimate the bias of solutions 
following Shen et al. (2012). Our numerical results indicate that this impact is very marginal, i.e., maximum values 
are found to be 0.073 TECU, while comparing the solutions with VTEC from GPS measurements.
Table 4: Summary of the statistics of differences between the estimated TEC and observations at 
two stations, whose observations are not used during the inversion 
21 December 2013
Station STD
(TECU)
Mean
(TECU)
Ourinhos (latitude -22.95, 
Longitude310.1)
0.9424 0.9632
Santa Maria (latitude -29.7167, 
Longitude306.2833)
0.6341 0.6902
17 March 2013
Ourinhos (latitude -22.95, 
Longitude310.1)
0.8763 1.7897
Santa Maria (latitude -29.7167, 
Longitude306.2833)
0.6667 1.4373
4. Summary and conclusion 
The aim of this paper was to determine the suitability of the ionospheric tomography as a tool to determine the electron 
density profiles using GPS data. To achieve this, a new three-dimensional Computerized Ionospheric Tomographic 
technique is developed, in which a combination of spherical Slepian base functions and empirical orthogonal functions 
(EOFs) is used to describe the electron density distribution. The spherical Slepian base functions describe the electron 
distribution horizontally and the empirical orthogonal functions represent the electron density distribution vertically. 
Various comparisons with independent data and model simulations such as Radio Occultation observations, VTEC 
profiles from the International GNSS Service (IGS) models, and external GPS stations are performed to demonstrate 
the feasibility and performance of the technique under different ionospheric conditions.  Particularly, we test the 
estimated ionospheric profiles during two different days with high ( 4
p
K ) and low ( 4
p
K ) solar activity. Our 
results indicate that the electron density profiles are fairly well comparable with the RO derived profiles from the 
Constellation Observing System for Meteorology, Ionosphere, and Climate (COSMIC) observations within the 
reported accuracy of the product ( 111 10  el/cm3). Comparisons with the IGS's Global Ionosphere Maps (GIM) 
confirm that the developed tomographic model predicts ionosphere without unexpected oscillations, though the range 
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of variations from IGS models is found to be underestimated. Comparing the reconstructed results with real 
observations of 2 GPS stations within the region indicates an absolute difference is less than 2 TECU, which indicates 
a high correspondence.
Ionospheric imaging using tomography is an ill-posed inverse problem. Various reasons might contribute in the quality 
of the solution of this inversion, which includes the number, quality, and distribution of observations, as well as 
parameterization and computation strategy used for this inversion. For example, lack of GPS observations in the in 
oceans and seas or the poor geometry of observed signals over certain regions makes modelling the ionosphere using 
GNSS data alone very difficult. Besides, since gathering observations over all possible angles is rare, there are 
insufficient measurements perpendicular to altitude and therefore the vertical resolution is not as good as horizontal. 
These issues impose certain limitations in the resolution and accuracy of ionospheric tomography solutions. To 
mitigate these limitations, one might use some a priori information such as data/model derived empirical orthogonal 
functions to improve the vertical distribution of electron density. In addition, incorporating other data sources might 
help improving horizontal and vertical resolution. For example, satellite-based observations such as those from F/C 
provide additional observations with good vertical coverage, which can be used to help number of observations of the 
topside ionosphere data. The Galileo, GLONASS and Beidou are examples of other constellations that can improve 
the quantity of TEC data, increasing the data coverage for the proposed inversion. Further investigations should be 
conducted for different wide area GPS networks at different latitudes with higher reference station density with longer 
period data coverage. Investigations should be added to address feasibility of the proposed technique and the effect of 
different parameters on the model accuracy. Although the main product of the model is electron density, TEC maps 
can be computed and ionospheric corrections for navigation applications can be generated. The quality of these maps 
and hence the ionospheric correction is expected to be better than the conventional TEC maps generated from two-
dimensional modelling. 
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